DEPARTMENT OF MATHEMATICS: ANALYSIS

E michael.ruzhansky@ugent.be
T +32926449 22

Campus Sterre
Krijgslaan 281 S8
B — 9000 Ghent
Belgium

www.ugent.be

Date Contact Phone Email
06/05/2025 Kim Verbeeck +32 9 264 45 24 kimpj.verbeeck@ugent.be
Review

of the Phd thesis of
Dosmagulova Karlygash
“Correctly solvable problems for the Laplace-Beltrami operator
on a Riemannian sphere with cuts”

This PhD thesis is very specific and focused on mathematical research in the field of the theory
of functions and differential equations on Riemannian surfaces. This topic has relevance and
significance in the context of both general scientific research and it is associated with more
narrow and specialized research. The topic of the dissertation research is theoretical in nature.

Research of the Laplace-Beltrami operator and its solutions on Riemannian surfaces with cuts
can be of fundamental mathematical importance. These studies can expand our understanding
of geometry, topology, and analysis on such surfaces. Many mathematical concepts and
models have applications in physics. Riemannian surfaces can be used to describe physical
phenomena such as quantum mechanics, string theory. Understanding the solutions of the
Laplace-Beltrami operator on such surfaces can be important for the development of physical
models.

The first chapter investigates the study of the correctness of the Laplace-Beltrami operator on
a punctured two-dimensional sphere, as well as the formulation of the maximum operator and
its invertible constraints. The Green's function of the Laplace-Beltrami operator with a finite
number of punctured points is studied. The spectral properties of the Laplace-Beltrami
operator with delta-shaped perturbations are investigated.
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In the second chapter, a solvable problem is formulated for the Laplace-Beltrami operator on a
two-dimensional sphere punctured by the open curve. The fixed arc is removed from the
sphere and additional conditions are written to guarantee the uniqueness of such a solution.

In the third chapter, a solvable problem for the Laplace-Beltrami operator on a three-
dimensional sphere punctured by a closed curve is formulated and a uniquely solvable
problem for the Laplace-Beltrami operator on a three-dimensional sphere punctured by a
closed curve is investigated. The study of a uniquely solvable problem in this case requires
more in-depth research, which the author of the work successfully completed. The complexity
of the task is that the open curve, which is a cut of the Riemannian sphere, is not a
hypersurface as in previous chapters. Not only a correctly solvable problem is posed, but also
conditions for unique solvability.

In the fourth chapter, the spectral properties for the Laplace-Beltrami operator and the
perturbed harmonic oscillator are studied. The thesis provides descriptions of linear functionals
for an arbitrary point of a punctured sphere. The connection between the eigenvalues and the
eigenfunctions of the operator is clearly shown and a complete description of the system of
eigenfunctions is given. The discreteness property of the spectrum of the Laplace-Beltrami
operator on a punctured two-dimensional sphere is proved. The same studies were carried out
for a two-dimensional harmonic oscillator.

The validity and reliability of the scientific statements, conclusions and recommendations
formulated in the dissertation are confirmed by the main results in publications included in the
international Scopus database (“Advances in the Theory of Nonlinear Analysis and its
Applications”, “Applied Mathematics and Information Sciences”, “Results in Nonlinear
Analysis”, “Bulletin Kazakh National University — Mathematics, Mechanics and Informatics™).
This is also confirmed by the use of well-known classical methods applied in operator theory;
consistent justification and proof of each result obtained.

In my opinion, this thesis fulfils requirements for a doctoral dissertation, so | recommend that
Karlygash Dosmagulova be awarded the PhD degree.
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OT3bIB
Ha JUCCepTaloHHYI0 paboty PhD
JHocmaryoBoit Kapisrain
«KoppexTtHo paspemnumsie 3a1a4qu 171 oneparopa Jlamnaca-beasTpamu Ha paMaHoBOH cdepe
C paspe3aMu»

JlanHasi OuccepTanuoHHas paGota PhD BechMa crnenuuuHa H NOCBSIICHA MAaTEMATHYECKHM
HCCIE0BaHUAM B obnacTH Teopuu (QyHKumil u AuddepeHIHaILHEIX YPaBHEHHH HAa PHMAaHOBBIX
MOBEPXHOCTSAX. JTa TeMa aKTyalbHa H 3HaYMMa KaK B KOHTEKCTe 00IIEHay YHBIX HCC/IeI0BAHHI, TaK
U B KOHTEKCTe OoOlice Y3KHX M CHEIMaTM3MPOBAHHBIX HMCCIeNOBaHHi. Tema IHCCepTallHOHHOIO
FCCIIEIOBAHHS HOCHT TEOPETHUYECKHUH XapaKTep.

Uccnenosanme oneparopa Jlamnaca-benbrpamu ¥ €ro pelieHHil Ha PHMaHOBBIX IOBEPXHOCTAX C
pazpe3aMH MOXKET UMeTh (yHIaMEHTaTIbHOE MAaTeMAaTHYECKOE 3HAYEHHE. JTH HCCICI0BAHHS MOTYT
PacIIMPUTE HAllle MOHAMAaHHEe TeOMETPUH, TOMOJIOTHH M aHAIH3a Ha TakHX NMoBepXHoCTAX. MHorne
MareMaTHYecKHe IMOHATHA W MOJEIM HaXOUAT NMpHUMeHeHHe B (u3uxe. PHMaHOBbI IOBEPXHOCTH
MOIYT OBITh HCIOJIB30BaHBI JUIS OIIHCAHUS GU3MYECKHX SIBICHHH, TAKHX Kak KBAaHTOBAs MEXaHHKA U
teopus cTpyvH. [lonumanue pemenuii omeparopa Jlamiaca-beisTpami Ha TakuX IOBEPXHOCTAX
MOJKET ObITL BKHO 1S pa3paboTKi (GU3HIeCKHX Mojienei.

B mepsoii riase mcciexyercs BONpoc O KOppeKTHOCTH omeparopa Jlamaca—benbrpamu Ha
IPOKOJIOTOH IsyMmepHOHl cdepe, a Takke (OPMYIUPOBKA MEKCHMAILHOIO oOIeparopa H €ro
oOparuMblx orpasudennii. Wsyuaercs ¢ynkmus ['puna omeparopa Jlaniaca-bensrpamu ¢
KOHEYHBIM WYHCIOM I[POKOJIOTHIX TOoYeK. McenenoBaHbl CIEKTpaibHbBIE CBOHCTBA oOIeparopa
Jlanntaca—bensTpavu ¢ 1e15Ta00pa3HBIMU BO3MYIIIEHUSIMH.

Bo Bropoii riae dopwmyampyeTcs 3agavya pa3pelInMocTH 14 oneparopa Jlannaca-benbTpamu Ha
JAByMepHOH cepe. npoxoioToii He3amMKkHYTOM kpuBoil. M3 cdepsl yaansercs HenoABmKHA Ayra U
BBIITUCHIBAIOTCS OO THHTEIbHbIE YCIOBHS, TapAHTHPYIOIHE € THHCTBEHHOCTh TAKOr0 PEIICHU.

B Tpetseil riaBe dopmyimpyercs 3amaya pa3pelIMMOCTH LA onepartopa Jlamnaca-benbTpamu Ha
TPEXMEpHOi cdepe. NPoKOIOTOH 3aMKHYTOH KpHBOI. H HCCISIYETCS OIHO3HAYHO paspernmast
3a1ava Juis omeparopa Jlamiaca-Bensrpamu Ha TpéxMepHo# cdepe. NPOKOJIOTOH 3aMKHYTOM
kpuBOil. M3ydeHHe 0IHO3HAYHO paspelldMol 3a1a4d B 3ToM ciydae TpeOyer Oosee riybokoro
HCCIIeI0BaHUsA., KOTOpoe aBTop padoTsl ycnemHo BhINOMHHI CI0KHOCTh 3a/1a4d 3aKII0YacTcs B



TOM, 4YTO HE3aMKHYyTas KpHBas, SBISIOINA’CS pa3pe3oM pHUMaHOBOM cQepbl, HE SBISETCS
TUIEPIOBEPXHOCTBIO, KaK B IMpPeAbIAYIIUX IviaBax. IIpu 3TOM cTaBUTCS HE TOIBKO KOPPEKTHO
paspemmMasi 3a/1a4a, HO U YCIOBHS €€ OJJHO3HAYHOH pa3peIIiMOCTH.

B uerBéproii rmaBe M3ywalOTCs CHEKTpalbHble CBoMcTBa omnepatopa Jlammaca-BembTpamu u
BO3MYUIEHHOTO TapMOHHYECKOI0 OCLMLIATOPa. B muccepranuu npuBeieHsl OMUCAHUS JTHHEHHBIX
(YHKIIMOHAJIOB IS IIPOM3BOIBHOM TOYKH ITPOKOJIOTOH cdeppl. Harnaano moxasaHa cBA3b MEXIY
CcOOCTBEHHBIMH 3HAUEHWSIMH M COOCTBEHHBIMH (PYHKIMSIMH oIepaTopa M JIaHO IOJHOE OIHCAaHUe
cucteMbl coOcTBeHHBIX (QyHKUMM. Jloka3aHO CBOMCTBO JIMCKPETHOCTH CIIEKTpa OIleparopa
Jlarnaca-benbTpaMu Ha MpOKOJIOTOR JByMEpHOH chepe. AHATOTUYHBIE HCCIIEI0BaHHUS MTPOBEACHBI
11 ABYMEPHOTO FapMOHHUYECKOr0 OCIMILIATOpA.

OGOCHOBaHHOCTE U JIOCTOBEPHOCTH c(hOPMYIMPOBAHHBIX B JHCCEpTALlUN HAYYHBIX yTBEPIKIACHUIA,
3AKIIOMEHHI M peKOMeHaluil TOATBePI/eHBl OCHOBHBIMH pe3yJibTaraMH B IYyOIMKalUsX,
BXO/SIIUX B MEKIVHAPOIHVIO 0a3y J1aHHBIX Scopus («J{OCTHKeHUS TEOPUH HETHHEHHOro aHanu3a
U ee mpuiokeHHs», «[IpukiaiHas mMatemMaTuka W HHGOpPMAIHOHHEIE HayKu», «Pe3yapTarsl mo
HeMHeiiHOMY aHamu3y»., «BectHuk Kaszaxckoro HallMOHaIBHOTO YHHMBepcHTeTa — MaremaTHka,

310 NOATBEPKIACTCA TAKIKE HUCTIOJIBE30BAHUEM H3BECTHBIX KJIACCHYECKHX METOJ0B, MPHMEHICMBIX
B TEOPHH OIIEPATOpPOB, TMOCJIEA0BATCIEHBIM 000CHOBaHHEM H JOKa3aTEJILCTBOM KaXkKIOTO
TIOJIYYEHHOT'O pe3yabpTara.

Ilo mMoeMy MHEHHIO, JaHHas JHCCEPTAlMs COOTBETCTBYET TPeOOBaHUAM, IPENBIBIAEMBIM K
JIOKTOPCKOH JHCCepTalH, o3ToMy s pekoMeH 1y Kapisiram JlocMaFyToOBOi PHCYAUTh YUSHYIO
creneHs jokTopa PhD.
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